A strongly interacting high partial wave Bose gas by Yao, Juan et al.
ar
X
iv
:1
71
1.
07
18
1v
3 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 18
 D
ec
 20
17
A strongly interacting high partial wave Bose gas
Juan Yao,1 Ran Qi,2 and Pengfei Zhang1
1Institute for Advanced Study, Tsinghua University, Beijing, 100084, China
2Department of Physics, Renmin University of China, Beijing, 100872, P. R. China
(Dated: November 14, 2018)
Motivated by recent experimental progress, we make an investigation of p- and d-wave resonant
Bose gas. An explanation of the Nozie`res and Schmitt-Rink (NSR) scheme in terms of two-channel
model is provided. Different from the s-wave case, high partial wave interaction supports a quasi-
bound state in the weak coupling regime. Within the NSR approximation, we study the equation
of state, critical temperature and particle population distributions. We clarify the effect of the
quasi-bound state on the phase diagram and the dimer production. A multi-critical point where
normal phase, atomic superfluid phase and molecular superfluid phase meet is predicted within the
phase diagram. We also show the occurrence of a resonant conversion between solitary atoms and
dimers when temperature kBT approximates the quasi-bound energy.
I. INTRODUCTION
In ultracold atomic system, Feshbach resonance as a
powerful technique has been used to tune the interac-
tions of both fermionic and bosonic gases. Up to now,
many experimental and theoretical studies have been fo-
cused on s-wave resonant system. Recently, high partial
wave interactions for its specific properties have attracted
more and more attentions. Such as the measurement of
contacts in a p-wave interacting 40K gas [1] and the rel-
evant theoretical discussions [2–6]. Many efforts have
been spent on realization of the high partial wave Fes-
hbach resonance in Fermi gas [7–10]. Compared with
Fermi gas which benefits from the Pauli exclusion prin-
ciple, Bose gas suffers great loss near resonance [11] and
might undergo instability with attractive interaction [12].
As a result, the realization of high partial wave reso-
nance in Bose gas is even more challenging. The excit-
ing new progress in this direction is the observation of
broad d-wave shape resonance in 41K gas [13] and to-
gether with p-wave shape resonance in the mixture of
85Rb-87Rb [14, 15].
Motivated by these progresses, we make an investiga-
tion on the strongly interacting high partial wave Bose
gas in terms of two-channel model. High partial wave
interaction contains a centrifugal barrier which supports
a quasi-bound state in the weakly coupled regime. The
appearance of the quasi-bound state will lead to various
new novel phenomena. In this report, we will mainly clar-
ify how the existence of quasi-bound state has an effect
on the superfluid phase diagram and the particle popu-
lation distributions. An transition from solitary atomic
superfluid to molecular superfluid is achieved. Within the
phase diagram, we predict the existence of a multi-critical
point where normal phase, atomic superfluid phase and
molecular superfluid phase meet. Generally, low tem-
perature will benefit the dimer production. In the weak
coupling side, we will present a abnormal behavior of the
particle population distribution in terms of temperature.
Then the appearance of the turning point in the parti-
cle population distribution can be explained by occur-
rence of a resonance conversion between solitary atoms
and molecules when kBT approximates the quasi-bound
state energy.
II. THE MODEL
For a d-wave interacting spinless Bose system, as pro-
posed in Ref. [16], the Lagrangian density of the effective
field theory can be casted as
L = ψ†(i∂t + ∇
2
2M
)ψ +
∑
m
g¯m√
2
[
d†lmYm + h.c.
]
−
∑
m
d†lm
[
i∂t +
∇2
4M
+ z¯m
(
i∂t +
∇2
4M
)2
− ν¯m
]
dlm,
(1)
where the field operator ψ is the annihilation operator
for spinless Bosons. dlm is the dimer field with azimuthal
quantum number m and l = 2 for the d-wave interaction.
Then the first term corresponds to the free atoms withM
is the mass of single atom and ~ will be set to 1 through-
out the report. The third term corresponds to the free
dimers with ν¯m being the detuning and z¯m the bare cou-
pling constant. The conversion between the atoms and
dimers is described by the second term with Ym defined
as
Ym =
∑
a,b
Cma,b
4
{
[∂aψ(r1)][∂bψ(r2)]− [∂a∂bψ(r1)]ψ(r2)
+[∂bψ(r1)][∂aψ(r2)]− ψ(r1)[∂a∂bψ(r2)]
}
.
(2)
where a and b take values x, y, z. Cmab are the Clebsch-
Gordon coefficients when transforming kakb/k
2 to the
spherical harmonics, which satisfies
∑
a,b C
m
a,bkakb/k
2 =√
4piY2m(kˆ). In terms of ak and bm,q (the Fourier trans-
formation of the operators ψ and dlm), the atom-dimer
2coupling in the Lagrangian L = ∫ drL takes the form
Lad =∑
m
∑
q,k
√
2pi
V
g¯m
[
k2Y2m(kˆ)b
†
m,qa q
2
+ka q
2
−k + h.c.
]
,
(3)
where V is the total volume and g¯m is the bare interac-
tion strength. In order to renormalize the bare coupling
parameters g¯m, ν¯m, z¯m, we construct an effective low en-
ergy field theory and expand the d-wave phase shift up to
k4 with k5 cot δm(k) = −1/Dm − k2/vm − k4/Rm. The
super volume Dm, the effective volume vm and the ef-
fective range Rm are the minimal set of parameters that
are needed to renormalize Eq. (1). Considering the scat-
tering between two Bosons with total momentum zero
and relative momentum 2kkˆ, the associated T -matrix is
derived as
T (kkˆ′, kkˆ,E) =
8pig¯2
m
V k
4Y ∗2m(kˆ
′)Y2m(kˆ)
−E − z¯mE2 + ν¯m − 1V
∑
k1
4pig¯2
m
k4
1
|Y2m(kˆ1)|2
E−
k2
1
M
,
(4)
where the relative outgoing momentum is denoted as
2kkˆ′. Matching T (kkˆ′, kkˆ, E = k
2
M + i0
+) with the ex-
pansion of phase shift cot δm(k) in the limit of k → 0, we
obtain the following renormalization relations:
ν¯m
g¯2m
=
M
4pi
D−1m −
M
V
∑
k
k2,
1
g¯2m
= −M
2
4pi
v−1m +
M2
V
∑
k
1,
z¯m
g¯2m
= −M
3
4pi
R−1m +
M3
V
∑
k
k−2.
(5)
Similar to the d-wave resonance, a p-wave interacting
Feshbach resonance in a two-component Bose gas can be
described by
Hˆ =
∑
k,σ
(
k2
2M
− µ
)
aˆ†k,σaˆk,σ
+
∑
q,m
(
q2
4M
− ν¯m − 2µ
)
bˆ†q,mbˆq,m
+
1√
V
∑
k,q,m
g¯mkY1m(kˆ)bˆ
†
q,maˆ q
2
+k,↑aˆ q
2
−k,↓ + h.c.,
(6)
where σ =↑ and ↓ denoting the pseudo-spin. Different
from the d-wave case, scattering can only occur between
two atoms with opposite spin. For the p-wave case, the
low energy expansion up to k2 involves only two param-
eters with k3 cot δm(k) = −1/vm − k2/Rm which result
in the renormalization relations:
ν¯m
g¯2m
=
M
4pi
v−1m −
M
V
∑
k
1,
1
g¯2m
=
M2
4pi
R−1m −
M2
V
∑
k
1
k2
.
(7)
III. NOZIE`RES AND SCHMITT-RINK SCHEME
In this report, we build the formalism in the normal
phase. The thermodynamic potential will contain three
parts with respect to each term in the total Hamiltonian:
Ω = ΩB0 + Ω
M
0 + Ωint. Here Ω
B
0 = 1/β
∑
k ln
[
1− e−βξk]
gives the contribution of non-interacting Bosons with
β = 1/kBT and ξk =
k2
2M − µ being the kinetic en-
ergy of an atom measured from its chemical potential
µ. ΩM0 gives the contribution from dimers. Within the
NSR scheme, the contribution from the interaction term
Ωint can be evaluated by taking account of all orders of
ring diagrams [17]. Finally, Ωint is explicitly given by
Ωint =
∑
m,q
∫ +∞
−∞
dω
pi
1
eβω − 1×
Im
{
ln
[
1 + g¯2mΠ(q, ω + i0
+)GM0 (q, ω + i0
+)
] }
,
(8)
in which Π(q, ω) is the pair-pair propagator written as
Πd(q, ω) = Πl=2(q, ω) =
1
V
∑
k
{
k2l4pi|Ylm(kˆ)|2
× 1 + n(ξk+q/2) + n(ξ−k+q/2)
ξk+q/2 + ξ−k+q/2 − ω
}
,
(9)
where n(ξ) = 1/(eβξ−1) is the Bose distribution function
and l = 2 denoting the d-wave interaction. For d-wave
resonance, the free Green’s function for the dimer is
(GM0 )
−1(q, ω) =− (ω − q
2
4M
+ 2µ) + ν¯m
− z¯m(ω − q
2
4M
+ 2µ)2.
(10)
To get a more concise formulation, we write Ωint into two
parts:
Ωint =
∑
m,q
∫ +∞
−∞
dω
pi
1
eβω − 1Im
{
lnGM0 (q, ω + i0
+)+
ln
[(
GM0
)−1
(q, ω + i0+) + g¯2mΠ(q, ω + i0
+)
]}
.
(11)
Here, the integration over the first term within the brace
will cancel with ΩM0 in the total thermodynamic poten-
tial. Then, the total thermodynamic potential is given as
Ω = ΩB0 + Ω˜int where Ω˜int is the integration of only the
second term left in the brace in Eq. (11). After substi-
tuting the bare parameters according to Eq.(5), Ω˜int can
3be simply written as
Ω˜int =
∑
m,q
∫ +∞
−∞
dω
pi
1
eβω − 1 δ˜
d
m(q, z), (12)
in which phase δ˜dm is defined as
δ˜dm(q, z) = Arg
[M
4pi
D−1m + z
M2
4pi
v−1m + z
2M
3
4pi
R−1m
+Πdr(q, z + i0
+)
]
,
(13)
where z ≡ ω − q2/4M + 2µ is the energy shifted with
respect to the dimer energy. Within δ˜dm, the regularized
pair-pair propagator is given by
Πdr(q, z) =−
M
V
∑
k
k2 − zM
2
V
∑
k
1− z2M
3
V
∑
k
k−2
+Πd(q, z),
(14)
where the first three terms will cancel the divergence
within Πd(q, z). At high temperature limit, Πdr(q, z) can
be carried out explicitly as Πdr(q, z)→ −M7/2z3/4pi
√−z
which is real for negative z and pure imaginary for posi-
tive z. The pole of the real part of δ˜dm(q, z) at low energy
Edb ≃ −vm/MDm gives the shallow bound state energy
with positive Dm since vm is always positive for d-wave
resonance. The resultant deep bound state, with energy
beyond the low energy expansion assumption, is associ-
ated with the ghost field with negative probability. Thus
we will only keep the first shallow bound state during our
calculation.
For the p-wave resonance, a standard NSR calculation
leads to a similar total thermodynamic potential Ω =
ΩB0 + Ω˜int with
δ˜pm(q, z) = Arg
[M
4pi
v−1m + z
M2
4pi
R−1m +Π
p
r(q, z + i0
+)
]
,
(15)
where Πpr(q, z + i0
+) is the regularized pair-pair propa-
gation:
Πpr(q, z) = −
M
V
∑
k
1− zM
2
V
∑
k
1
k2
+Πl=1(q, z),
(16)
which gives a shallow bound state at Epb ≃ −Rm/Mvm
at strong coupling regime with positive vm.
IV. THE EQUATION OF STATES
For the high-partial wave resonance, the summation
over m takes 0,±1, ...,±l. Due to the splitting of the
resonances, it will be safe to only take m = 0 channel
in our consideration [13]. For multiply channel cases,
qualitative behavior will be similar according to Ref. [18].
We study the equation of state of the system through
the free energy F = Ω + µN , where the chemical po-
tential is determined according to the number equation
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FIG. 1. When kBT = En, the solid lines are the relative
free energy ∆F = F − F0 as a function of the ratio between
binding energy and En within NSR calculation. During the
calculation, 1/knRd = 1/knRp = 30 and 1/k
3
nvd = 5 × 10
4.
The dots stand for the relative free energy as a function of
detuning over En, which is calculated from free two channel
model in terms of single (d-wave) and two (p-wave) component
Bose system.
N = −∂Ω∂µ . Generally the free energy can be written as a
universal form of F = NEnf(kF = nRd, k
3
nvd, k
5
nDd) or
F = NEnf(knRp, k
3
nvp) for the d- or p-wave resonance.
Here energy En = k
2
n/2M and kn is Fermi momentum
defined through the total number of particles. Note that
En of a single and two components Bose gas are differ-
ent with the same total number of particles N . Instead
of {Rd, vd, Dd} or {Rp, vp}, a physical parameter, the
ratio of the approximated binding energy −Eb and En
is chosen to characterize the coupling strength. We plot
∆F = F−F0 in Fig. 1 (solid lines) for both p- and d-wave
resonances. In general, ∆F monotonically decreases in
terms of stronger coupling strength. Both p- and d-wave
resonance can be sketched by a simple free two channel
model:
Hˆ =
∑
k,σ
(
k2
2M
− µ
)
a†k,σak,σ+
∑
q
(
q2
4M
− ν¯ − 2µ
)
b†kbk,
(17)
where no coupling term is presented. The spin compo-
nent σ will be chosen according to the type of resonance.
Within this free model, the resultant free energy as a
function of detuning ν¯ is plotted as the dots in Fig. 1
which overlap the solid lines. Thus as long as Eb/En
is fixed, the equation of state is determined even with
difference values of {knRd, k3nvd, k5nDd} or {knRp, k3nvp}.
This is the underline physical reason why the −Eb/En
(2vd/k
2
nDd or 2Rd/k
2
nvp) can be chosen as the universal
parameter characterizing the coupling strength.
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FIG. 2. The critical temperature Tc from the weak to strong
coupling limit. Inset: the corresponding chemical potential
at each coupling strength. At weak coupling side, system will
condense in the form of solitary atoms at Tc with µ = 0.
While at strong coupling side, it condenses in the form of
molecules with binding energy given by |2µ|.
V. CRITICAL TEMPERATURE OF THE
CONDENSATION
When temperature is low enough, the celebrated Bose-
Einstein condensation will occur for a Bose gas. Mean-
while, attractive particles can also condense in the form
of pairs. A natural question is raised: how these two
kinds of condensation compete with each other through
the corssover? We assume the former happens at µ = 0
and determine the latter critical temperature according
to the Thouless criterion.
Within the NSR method, the critical temperature Tc
from the weak to strong coupling is shown in Fig. 2.
In the weak coupling limit, Tc reaches the same asymp-
totic value 0.436En for the two high partial wave reso-
nances, which is also the critical temperature of conden-
sation of N free bosonic atoms. In this limit, system
can be viewed as free Bose gas and it is reasonable to
get a solitary atomic condensation with µ = 0. System
obtain a atomic superfluid phase. However, for s-wave
resonance, in the weak coupling side, the condensation
of atom is always accompanied by the condensation of
pairs due to the coupling between condensed atoms and
pairs [19, 20]. However, for the high partial wave case,
the condensed atoms at zero momentum is decoupled
to the pairs. Thus a pure atomic superfluid phase is
obtained. In the strong coupling limit, Tc approaches
0.137En and 0.218En respectively for the d- and p-wave
interaction. Although the two asymptotic values appear
different, both of them are the condensation temperature
of N/2 particle with mass 2M . The difference is due
to the definition of Fermi energy En for single and two
components Bose system with the same N . In the strong
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FIG. 3. Through the crossover, the atomic NAtom and dimer
fraction NDimer distribution at critical temperature Tc. The
dotted lines are the atomic fraction NAtom/N and dashed
lines are the dimer fraction NDimer/N with different colors
corresponding to different type of partial wave.
coupling regime, a condensation of molecules occurs with
bound state energy given by 2µ (inset of Fig. 2). Through
the crossover, a phase transition between atomic super-
fluid phase and molecular superfluid phase is achieved.
The lowest Tc occurs around unitary point where atomic
superfluid and molecular superfluid coexist and meet the
normal phase at the multi-critical point.
VI. PARTICLE POPULATION DISTRIBUTIONS
With respect to the two terms within thermodynamic
potential, the total number of particles N also contains
two parts:
N = NAtom +NDimer, (18)
with NAtom = −∂Ω
B
0
∂µ and NDimer = −∂Ω˜int∂µ . Here we
view NAtom is related to the number of particles without
interaction that remains the form of solitary atoms while
NDimer is associated with the number of particles which
form dimers due to attractive interactions.
Through the crossover we extract NAtom(Dimer) at each
corresponding critical temperature Tc (Fig. 2). As shown
in the Fig 3, in the weak coupling limit, the atomic frac-
tion approaches unit and dimer fraction approximates
zero. The system can be regarded as noninteracting free
solitary atoms. It is reasonable to get 100% atomic frac-
tion. In the strong coupling limit, fraction of atoms and
dimers is inverse. System energy is dominated by the
dimer bound state so that almost all particles formed
dimers in this limit. In between, atomic fraction and
dimer fraction compete with each other and two com-
ponents coexist. As shown in the Fig 3, in two limits,
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FIG. 4. When 2vd/k
2
nDd = 2Rp/k
2
nvp = −1 in the weak
coupling side, plotting the particle populations in terms of
T . The dotted lines are the atomic fraction NAtom/N and
dashed lines are the dimer fraction NDimer/N with different
colors corresponding to different type of partial wave. The
black dashed line corresponds to kBT = En.
particle population distribution is independent on the
resonance type. The conversion from atoms to dimers
seems much faster for d-wave interaction with d-wave
dimer fraction saturates around −Eb/En = 0.5 and the
p-wave saturates around −Eb/En = 1. This is because
the d-wave resonance obtains a lower kBTc/En in the
strong coupling regime (Fig.2). Generally a low temper-
ature will benefit the formation of dimers. This argument
is valid in the strong coupling side with existence of the
bound state. However, in the weak coupling side, a mod-
ification to the above argument is needed as explained
as follows. In Fig. 4, we provide the particle fraction in
terms of temperature when 2vd/k
2
nDd = 2Rp/k
2
nvp = −1.
Now the bound state energy Eb = En > 0 and a quasi-
bound state exist due to the centrifugal barrier for high
partial wave interactions. As shown in Fig. 4, generally,
the dimer fraction increases at lower temperature. How-
ever, a maximum (minimum) of dimer (atom) fraction
appears around kBT = En. A turning point presents in
the atom and dimer fraction distribution. Around the
turning point, coincidently we also have kBT = Eb with
quasi-bound state energy approximates the temperature.
Thus we can claim that the nonmonotonic behavior of
the particle distribution is due to a resonance conversion
between atoms and dimers. Namely, when kBT = Eb,
dimers constrained in the centrifugal barrier are reso-
nantly coupled free atoms outside, which manifests as the
turning points in the particle population distributions in
Fig. 4.
VII. CONCLUSION
Within NSR approximation, we show that in the week
coupling limit, high partial wave Bose gas will condense
with solitary atoms. In the strong coupling limit, the
system will condense in the form of pairs. In terms of
coupling strength, a transition between atomic superfluid
and molecular superfluid is achieved. At the lowest Tc,
normal phase, atomic superfluid phase and molecular su-
perfluid phase meet at the multi-critical point. Finally,
an investigation of the effect of coupling strength and
temperature on the form of dimers is given. Stronger
interaction will enhance the formation of dimers. In gen-
eral, low temperature benefits the dimer formation. How-
ever, when kBT = Eb, a resonant conversion between
atoms and dimers is identified through the appearance
of the turning points in the particle population distribu-
tion. For the experiment, the most difficulties in manip-
ulating the Feshbach resonance lie in the strong coupling
side or near the resonance. Since the resonance conver-
sion identified here occurs in the weakly coupling side, it
seems very promising to observe the turning point indi-
cating the resonance conversion upon the realization of
high partial wave Feshbach resonances.
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